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Abstract. Trivial links are unique up to number of link components, but they 
can be hard to recognize from arbitrary diagrams. We define a new measure 
of the complexity of a link embedding, the crumple, and show how this may 
be used to measure progress toward a trivial embedding. In conjunction with 
a modified form of arc presentations of links, we obtain a strictly monotonic, 
deterministic algorithm that recognizes triviality in links within polynomial 
time and space. 



1. Introduction 

A classical problem in knot theory asks whether or not a given link is trivial. 
Trivial links are unique up to number of link components, but they can be hard 
to recognize from arbitrary diagrams. A complementary problem asks how quickly 
triviality may be determined as a function of the number of crossings of a given 
diagram. We define a new measure of the complexity of a link embedding, the 
crumple, and show how this may be used to measure progress toward a trivial 
embedding. In conjunction with a modified form of arc presentations of links, we 
obtain a strictly monotonic, deterministic algorithm that recognizes triviality in 
links within polynomial time and space. 

Theorem [T] answers both of these questions. 

Theorem 1. Given an arbitrary link diagram D with n crossings, the algorithm 
ISTRIVIAL determines in time and space polynomial in n whether or not D is a 
diagram of a trivial link. 

Key to the algorithm and its proof is the fact (due to Seifert |7j) that every link is 
the boundary of some properly embedded surface, and specifically that trivial links 
are the boundary of a family of disjoint, properly-embedded discs. We will show 
that for trivial links these discs may be viewed as being the composition of a number 
of smaller discs and that we can choose an embedding with a minimal number of 
these discs such that at least one of them will have a single part of its boundary 
on the boundary of the link and lie entirely on once of a set of concentric spheres. 
This disc can then be removed by a movement of a portion of the boundary of the 
link (equivalently by the movement of the equator of that sphere) , yielding a new 
link embedding with fewer necessary discs. Both the existence of this composition 
and the ability to recognize it will be shown inductively. 

The algorithm works by beginning with an encoded diagram (see section |2] for 
the encoding scheme) and prioritizing a reduction in complexity as measured by 
the following measures, listed in order of decreasing importance: 
(1) Length of the encoding sentence 
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(2) Number of disjoint pieces of the link not lying on concentric spheres 

(3) Total length of the portion of the boundary not lying on concentric spheres 



(4) Number of restrictive crossings (Definition 2.101 

(5) Number of crossings 

The encoded diagram corresponds to an embedding that is contained in concen- 
tric spheres and rays from the common center. Using this embedding, at each step 
we allow a limited set of moves and require that the sequence be strictly monotonic, 
in lexicographic order, on the tuple of items ((1), (2), (3), (4), (5)). 

The moves all arise from the same source: compatible isotopies on the spheres 
in which portions of the boundary lie. These moves take the form of combinatorial 
rules for the encoding word. Visually, these may be seen as movement by the 
portions of the boundary lying on spheres and changes in the assignment of these 
portions to spheres. 

We show that if the encoded link is trivial, one of these moves will produce a 
better encoding, and so by induction we can obtain the best possible encoding. For 
trivial links, this encoding yields the trivial diagram. For purposes of clarity, the 
algorithm is broken down into several sub-algorithms. Each of these requires only 
a sentence encoding a diagram. 

Of course, this algorithm is inspired and made possible by prior work on the 
problem of link recognition, which we discuss now. 

Cromwell ^ and Birman and Menasco jT] give a type of embedding, the arc 
presentation, of links that we have modified for our purposes. Although it is not 
presented as such in these papers, an arc presentation may be viewed as an embed- 
ding partitioned into two sets of pieces: semi-circles, each lying in a distinct sphere 
with ends on a plane common to the entire set and containing the center of the 
spheres, and ray segments between the ends of these semicircles. Our embedding 
differs from this in that we allow multiple semi-circles to occupy the same sphere 
so long as their intersection only occurs at the ends. An arc presentation may be 
encoded by means of a pair of permutations. We adopt a variant of this in our en- 
coding scheme in order to allow for the greater flexibility in embeddings permitted 
by relaxation of the requirement that spheres be distinct. 

Dynnikov [sj uses arc presentations to give an algorithm to recognize trivial 
links. This algorithm is polynomial in space but may require exponential time 
because there is no marker of progress toward a reduction in the encoding complex- 
ity. Although we adopt a different method of proof, the knowledge of Dynnikov's 
algorithm has motivated this work and influenced its shape. In particular, using 
a particular type of embedding to contain space complexity comes from study of 
Dynnikov's work. 

Kauffman and Lambropoulou [4j develop a measure of the difficulty of diagrams 
of trivial links and clarify what it is that makes it hard to recognize triviality from 
classical diagrams. Figure 1.2 from their work is used extensively as an example in 
our work, and a study of the moves necessary to resolve their hard trivial links was 
helpful in development of this algorithm. 

An earlier version of this paper used a trivial knot embedding due to Ochiai [6] to 
demonstrate the algorithm. Although this does not appear in the paper, the author 
continues to use this embedding in talks and to test ideas about the algorithm. 

The author is grateful to Lars Hesselholt and Tomomi Kawamura for helpful 
feedback on exposition and early drafts. Conversations with Alexander Coward, 
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Louis H. KaufFman, and Akio Kawauchi have been helpful in clarifying areas that 
need changes and further explanation, and the author is grateful for these conver- 
sations. 

2. Definitions and Notation 

2.1. Embeddings. Although we will begin with a link diagram, in the course of 
our proof we will proceed immediately to a family of embeddings of the same type 
as the link that produces the diagram. It is helpful to explain what this embedding 
looks like. We imagine the diagram as being the radial projection of a link onto 
the surface of a ball of radius 1. From this conception, we lift pieces of the diagram 
back to successively larger concentric spheres - each with an integer radius - such 
that the embedding is partitioned into two sets of pieces: those that lie in some 
sphere, which we will call trails, and those that are segments of rays proceeding 
from the common center of the spheres, which we will call risers. We will call a 
link embedded in this way a tar link. 

Definition 2.1 (trail, origin of a trail). A trail is a closed, continuous curve of 
finite length lying in a sphere of integer radius. The origin of a trail is the center 
of the sphere in which it is contained. 

Definition 2.2 (riser). A riser is a closed continuous line segment of integer length. 

Definition 2.3 (link, link component, knot). A link with k components is the 
image of a function L : x {1,2, . . . ,k} ^ S^. Each copy of is oriented. The 
image of L restricted to x {i} is the ith component of the link. A knot is a link 
with only one component. 

Definition 2.4 (tar link). A tar link, or trails-and-risers link, is a link that is the 
union of a finite set of disjoint trails and disjoint risers with all trails having the 
same origin. 

Remark. We note that all tar links are tame. 

Definition 2.5 (link diagram). A link diagram is the radial projection of a link in 
general position onto the surface of the ball of radius 1. At each double-point, the 
portion further from the surface is said to cross over. 

Definition 2.6 (tar link diagram, riser mark). A tar link diagram is the radial 
projection of a tar link with its trails in general position onto the surface of the ball 
of radius 1 whose center is the origin shared by the trails. The projection of each 
riser is marked by a dot, the riser mark. At each double-point, the trail lying in 
the sphere of greater radius is said to cross over. 

Remark. Every tar link diagram is a link diagram partitioned by some additional 
dots. 

A short example may make be helpful in understanding. Figure |2.1[ an unknot 
diagram from a paper by KaufFman and Lambropoulou jl], has been partitioned 
into 12 pieces as follows. Six of these pieces are trails; each is marked with the 
radius of the sphere in which it lies and there is a partial order -< induced by the 
crossings. The other six pieces are risers; each is marked with a dot and runs 
between the spheres that contain the trails to either side of the riser mark. Every 
link diagram may be partitioned in this way. An initial marking placement of one 
riser mark between each pair of crossings is always sufficient. 
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Figure 2.1. A partitioned copy of Figure 1.2 from KaufFman and 
Lanibropoulou |4] 

2.2. Diagram encoding. Once we have chosen a particular partition of a link 
diagram, we obtain a tar link diagram that gives rise to a family of tar embeddings 
as described in the previous subsection. These differ by the heights assigned to 
the different trails. To encode this family, we will make a choice of an equator on 
each of the spheres of one of the tar embeddings. By choosing equators that are 
identical under the radial projection, we can easily read a descriptive sentence from 
a diagram in the following manner. 

Definition 2.7 (binding circle). A binding circle of a tar link diagram is a counter- 
clockwise oriented closed loop that contains all of the riser marks and has only 
transverse crossings with the tar link diagram. 

Draw a counter-clockwise oriented circle, called the binding circle, on the tar link 
diagram such that every riser mark is on the circle and every intersection between 
the diagram and the binding circle is transverse. We then uniquely label each riser 
mark. We choose an orientation on the link if one is not already given. 

In order to construct the sentence, we first construct a word for each trail. Each 
word begins with either a + or a - depending on whether it first proceeds out of 
(+) or into (-) the binding circle. The second letter of each word is the label of 
the riser mark at which the trail begins. After this, for each time that the trail 
crosses the binding circle we list, in traversal order around the component of the 
link in which the trail is contained, the label of the riser mark that lies closest 
in a clockwise direction around the binding circle to the intersection between the 
original link diagram and the binding circle. Finally, the label of the riser mark at 
the terminal end of the trail is listed. 

Definition 2.8 (topologically sorted). Given an ordered list of the elements in 
a partial order ^, the list is topologically sorted if for every pair of comparable 
elements A and B, if S is listed before A then A ^ B. 
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A sentence is then formed by listing the words of all of the trails in a topologically 
sorted order where for trails A and B we write A ^ B if B crosses over A. After all 
of the words are listed, we add a semicolon ( ; ) and then write down the labels of the 
riser marks encountered as we proceed counter-clockwise around the binding circle 
from an arbitrary starting point until each has been written once. So long as no riser 
mark is labeled with +. — . or ;. this sentence may be both encoded and decoded 
unambiguously. We will prove this latter claim. The link obtained by decoding such 
a sentence is unique up to equivalence class, but there may be differences between 
the obtained diagrams. We will show later that these differences do not change the 
equivalence class of the link and that, in fact, choosing the diagram with the least 
number of crossings from among the possible diagrams is straightforward. 

Figure |2.2| shows an encoding of the same diagram as Figure |2.1| with a binding 
circle (drawn as a dotted line) and orientation chosen. It may be understood as 
follows. The word -dae is listed first because the trail de crosses above all other 
trails. Because de first proceeds into the interior of the binding circle, its word 
begins wtih -d. Next, it crosses the binding circle, so we look clockwise around 
the circle and encounter the riser mark labeled a first, expanding the word to -da. 
Finally, the trail terminates at riser mark e, so the complete word is -dae. The 
next two words are those corresponding to trails fa and be. Because these two 
are incomparable, we can choose the order between these two words arbitrarily. 
After the six words corresponding to trails are written, we write a ; to mark the 
beginning of the binding circle. Starting at a, we write down the labels of the riser 
marks as they are encountered around the binding circle in counter-clockwise order. 
The choice of a as the first letter of the binding circle is arbitrary. Because order 
around the binding circle is cyclic, any point on the binding circle is a suitable 
starting point. 




b 



-dae-f dbf a+bac+caf d-ebf +aabb; aecbdf 



Figure 2.2. An encoded diagram and the induced partial order 
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Definition 2.9 (Hasse diagram). A Hasse diagram is the representation of a partial 
order ^ by a graph such that all edges point down and for every pair of elements 
A and B, there is an edge from i? to ^ if and only ii A ^ B. 

The encoding of a link diagram captures the entirety of the relevant information 
for re-creating and manipulating the diagram. However, when using the ISTRIV- 
lAL algorithm it is helpful to explicitly represent the partial order induced by the 
crossings. For this purpose, we use Hasse diagrams. The right-hand side of Figure 
|2.2| shows the Hasse diagram induced by the diagram on the left-hand side. Each 
node is labeled by the label of its initial riser mark followed by the label of its 
terminal riser mark. 

Definition 2.10 (restrictive crossing). A restrictive crossing is a crossing between 
two trails A and B whose intersection appears on the Hasse diagram that represents 
the partial order among the trails. 

2.3. Equivalent links and composition. We use the standard definition of link 
equivalence. 

Definition 2.11 (ambient isotopy). An ambient isotopy between two links, Lq and 
Li, is a continuous mapping ^ : x [0, 1] -> such that 

$(io,0)-Lo, $(io,l) = ii 
and every <i>( : S''^ — > given by $t(X) — ^{X,t) is a homeomorphism of . 

Definition 2.12 (equivalent links). Two links are equivalent if an ambient isotopy 
exists between them. 

We are concerned exclusively with trivial links, so we provide a formal definition. 

Definition 2.13 (trivial link). A link is trivial if it is a set of circles, each contained 
on the surface of distinct concentric spheres or if it is equivalent to such a link. 

In the proof of the correctness of the ISTRIVIAL algorithm, we use a decompo- 
sition of the link into other links. We give the standard definition of composition 
of links. 

Definition 2.14 (composition of links). Given two oriented links Li and L2 con- 
tained in disjoint balls, their composition Li^L2 is the link that results from choos- 
ing a simple 4-sided 2-cell of which 1 edge belongs to Li, 1 edge belongs to L2, and 
both the remaining 2 edges and the face are empty, and replacing the edges with 
their complements in a way that keeps the same 0-cells as the start of the directed 
edges. 

Figure |2.3| shows link composition. The composition of two oriented links is 
well defined. We refer the reader to any standard text, such as Murasugi [s] for 
the details. In our proof, we use the fact that composition does not turn a trivial 
link into a non-trivial link. This follows immediately from the fact that links form 
a semi-group under composition with the trivial link of one component acting as 
identity. 

2.4. Complexity measures. In the introduction we indicated that we will use a 
tuple to measure the complexity of a tar link diagram. Some of these have been 
previously defined. We define the remaining measures here. 
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Figure 2.3. Composition of links 

Definition 2.15 (length of a sentence). Let Ls be the sentence of a link. The 
length of the sentence is the number of letters used, including the letters +, -, and 
; , and counting each occurrence of a letter separately. 

Definition 2.16 (crumple). Let Ls be the sentence of a link. The crumple of Ls is 
the minimum of the total Euclidean length of the risers from among all embeddings 
described by Ls- 

As an example, the crumple of Figure |2.2| is 14, with contributions as follows: a 
contributes 3, h contributes 3, c contributes 1, d contributes 2, e contributes 3, and 
/ contributes 2. It is not possible to improve upon this for that sentence. 

Remark. The best possible crumple for any link is twice its bridge index, counting 
the bridge index of trivial components as rather than the standard \. 

2.5. Sentence decoding. We have assumed without explanation that the sentence 
of a tar link may be decoded in a straightforward and unambiguous manner. We 
now show how this occurs. 

First, we draw a circle. On this circle, we mark each of the riser marks, as listed 
in the sentence after the semicolon letter (;), counter-clockwise around the circle 
in the order listed. We then proceed word-by-word through the words of the trails, 
beginning at the first word and continuing. We may recognize the individual words 
because each begins with either + or -, and these characters cannot occur at any 
other position in a word. For each word, we draw the trail described by the word 
in a way that avoids crossing any extant trail whenever possible between passing 
across the binding circle. 

After every word is drawn if we desire to produce exactly the same embedding 
each time then we may do so in the following way. We start at and number with 
consecutive integers the intersections between the diagram and the binding circle, 
beginning at the first riser mark listed in the binding circle portion of the sentence 
and proceeding counter-clockwise. From this, we obtain k numbers and two perfect 
matchings of the set of integers from to — 1: one corresponding to the interior 
of the binding circle and the other to the outside of the binding circle. We will call 
these matchings in and out respectively. 

We space the integers through k evenly around the intersection of the unit 
sphere and the xy plane with lying at (1, 0, 0), connect each pair of in by a chord, 
and then lift these to the upper half of the unit sphere such that their x and y 
coordinates do not change. We then do the same for each pair of out, except that 
these are lifted to the lower half of the unit sphere instead. After this, we radially 
project the trails out to spheres of integer radii that are compatible with the partial 
order induced by the crossing. It is guaranteed that if there are m trails then the 
assignment of index j = 1, 2, . . . , m to the words in their order of occurrence and a 
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subsequent assignment of a radius of m + 1 — j to the corresponding trails will be 
compatible, but there may be other compatible assignments. 

Definition 2.17 (normed tar link). A tar link constructed from its sentence in the 
manner described above is a normed tar link. 

Remark. Although we have been assuming an alphabet with as many letters as we 
desire, any finite alphabet with at least 2 characters distinct from the punctuation 
(+, -, and ;) will suffice without modification if each riser label uses the same 
number of letters. We may recover this length by dividing the length of the binding 
circle description by the number of words, which may be found by counting the 
occurrences of + and - characters. 

2.6. Named moves. Wc use three special types of ambient isotopy and one purely 
combinatorial move to explain the relationship between various equivalent links. 

Definition 2.18 (height shift). If Li and L2 are normed tar links with the same 
sentence, then an ambient isotopy from Li to L2 is a height shift. 

We may see that for any sentence that encodes a link, the family of normed tar 
links of that sentence all differ by a height shift. 

Definition 2.19 (trail move, fiip). If Li and L2 are equivalent tar links whose 
sentences differ only on one word under some equivalent ordering of the words, 
then an ambient isotopy from Li to L2 is a trail move. If the only difference 
between changed word in Li and L2 is the sign of the word, then the move is a flip. 

We allow a rc-ordcring of the words because a trail move may cause an additional 
crossing relationship between two trails. If we prefer to view a trail move topolog- 
ically, we may see it as a homeomorphism of the sphere containing the affected 
trail under which only the interior of that trail is changed. Alternately, we may 
see a trail move as making an alternate selection of binding circle for the sphere 
containing the affected trail and then producing a new sentence from this choice. 

Definition 2.20 (riser move). If Li and L2 are equivalent tar links whose sentences 

differ by the movement of one letter on the word of their binding circle and the 
requisite changes on the words of the trails, then an ambient isotopy from Li to L2 
is a riser move. 

We may view a riser move either combinatorially or topologically. Combinatori- 
ally, a riser move is an alternate choice of equator for the set of spheres in which the 
riser lies and the corresponding changes to the sentence. Topologically, a riser is 
an ambient isotopy of the riser from one point on the mutual equator to a different 
point. Because it is an ambient isotopy, it may carry some trails across the equator 
with it. In whichever way it is viewed, because the words of the trails depend on 
the binding order, some of them may change independently of any change in their 
embedding. 

The last type of move is combinatorial in nature but may result in height shifts 
and trail moves. 

Definition 2.21 (riser removal). If L is the sentence of a tar link diagram in which 
trails a and b with a common endpoint are incomparable under the partial order 
induced by the crossings, then re-writing the sentence to omit the riser represented 
by this common endpoint is a riser removal. 
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3. Proof of Theorem 1 

Lemma 3.1. Every trivial tar link in which no components have crumple is the 
composition of a finite number of trivial knots, each of which is embedded with 
crumple 2 and has a non-trivial portion of its boundary on the boundary of the link. 

Proof. Let L be an arbitrary trivial tar link with no components of crumple 0. We 
proceed by induction on half the crumple of L. 

If L has crumple 2, then the desired conclusion is trivially true. 

Suppose that for up to a crumple of 2n the desired conclusion is true. Suppose 
that L is a trivial link of crumple 2{n + 1) with no components of crumple 0. 

Because L is trivial, it has a set of spanning discs. We examine the set of trails at 
maximal radius. For each of these trails the attached risers necessarily proceed to a 
sphere of lower radius. If none of these pairs of risers are connected at this smaller 
radius by a portion of the spanning disc which lies in the sphere of lower radius, 
then it is impossible that none of the components of L have crumple 0, because 
the discs must have no edges below the maximal trails, which all lie in the same 
sphere. Therefore, L is trivially embedded. By contradiction, there is at least one 
disc that may be cut, leaving a link with one more component, of which at least 
one has crumple 2. 

We will call this new disc D and the remaining portion of the modified link L'. 
Because V has crumple 2(n— 1), by induction we know that there is a decomposition 
of L' into discs of crumple 2. We may choose a spanning disc for D such that this 
disc does not pass through the newly created gap between D and L'. As a worst 
case, we may do so in the following way. We know that D has a spanning disc, 
because L' U D is trivial. We also know that L' and D may be enclosed in spheres 
which touch only at the mutual boundary of L' and D. If the spanning disc of D 
passes through this sphere, then by Dehn's Lemma we may find a resolution such 
that this is not the case because the portion of the spanning disc of D which passes 
through it cannot belong to the boundary of D and the portion of the sphere passed 
through cannot belong to the boundary of L' . 

It remains to show that the disc of the decomposition of L' to which we have 
attached D did not have the new boundary as its only portion of the boundary 
which is also on the boundary of L. Let us call this disc D'. If D' no longer has any 
non-trivial portion of its boundary on the boundary of L, then the only portion 
of the boundary of D' on the boundary of L is at two riser marks. However, if 
D' was created in the decomposition of L' in the manner described here, then it 
would contain at least two non-trivial riser segments. Therefore, these segments 
may still exist and so L may be composed from discs each of crumple 2 and having 
a non-trivial portion of its boundary on the boundary of L. 

By induction, if L is a trivial tar link with no components of crumple 0, then we 
may find a composition of L from trivial knots each with crumple 2 and a non-trivial 
portion of its boundary on the boundary of L. □ 

Lemma 3.2. Every trivial tar link is the composition of a finite number of trivial 
knots, each of which is either a component of the link embedded with crumple or 
is embedded with crumple 2, and each of these knots has a non-trivial portion of its 
boundary on the boundary of the link. 

Proof. This follows directly from Lemma |3.1| Let L be an arbitrary trivial tar link. 
By the previous lemma, we may construct the portion of L that is not components 
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with crumple as the composition of trivial knots of crumple 2. We may then add 
the components having crumple 0, again by composition because L is trivial by 
assumption. □ 



Lemma 3.3. If L is a normed trivial tar link with no possible riser removals and 
no components which may be collapsed to a disjoint loop by a trail move then there 
is a pair [t, h), where h is a height shift and t is a trail move, such that the crumple 
of the sentence of thL is lower than the crumple of the sentence of L. 

Proof. Let L be a normed trivial tar link with no possible riser removals. 

From Lemma |3.2| we may view L as the composition of a set /C of trivial knots, 
each of which has crumple 2 or is a link component of L and has crumple 0. 

We choose interior-disjoint spanning discs for every element of /C. The union of 
these discs forms a set of properly-embedded spanning discs for L, the existence 
of which is given by Seifert (?]. We examine the intersection pattern of these discs 
with the concentric spheres in which the trails of L lie. 

Let 7?. C /C be the set of trivial knots which have only a single connected com- 
ponent belonging to the boundary of L. We choose a member of TZ arbitrarily and 
label it Di. 

Case 1: For our first case, suppose that the spanning disc of Di does not 
intersect any spheres except for the two in which its trails lie. In this case, we may 
choose a height shift which moves every other trail to a different sphere in a manner 
which does not affect this property of Di. If a set of risers passed through the space 
between the two trails of Di then the disc must pass through a sphere besides the 
two in which the trails of Di lie. By assumption, this is not the case. If a trail 
passed through the space between the two trails of Di then it would lie between 
two spheres with radii that differ by 1. This cannot be the case. Therefore, we may 
make a trail move on Di which causes it to collapse to a line under radial projection. 
We choose the move which affects a trail that lies in L. This reflects a move on L, 
and the height shift which allowed this move is designated h, the move is t, and we 
have our desired conclusion because the disc Di may be eliminated and the crumple 
of the decomposed link is a linear function of the number of components in K, that 
have crumple 2. 

Case 2: Suppose, though, that the spanning disc of Di intersects some sphere 
other than the two in which its trails lie, and that it must do so under every possible 
height shift. It must be that some riser would pass through the spanning disc of 
Di if this disc did not intersect some other sphere and that this intersection would 
occur under every possible height shift. Because no riser removals exist, this riser 
must be connected to trails that lie both above and below some of Di, and at 
least one of these must lie on the interior of the spanning disc of Di and every 
possible spanning disc of Di which does not leave the two spheres in which the 
trails of Di lie. There may be more than one such trail and disc, but for at least 
one of them, the member of JC containing this enveloped trail must belong to 7?. as 
well. We call it £'2- We proceed by induction to find a chain of such trails in a 
similar manner. Each of them must belong to a knot in TZ. Because TZ has a finite 
number of elements, we must run out of trails to serve as obstructions, and the final 
element of our chain will be of the type considered in Case 1. By the assumption 
that there are no components which can be shrunk to a disjoint disc, the chain 
cannot terminate in a member of TZ with crumple 0. 
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Because we can always find a knot an embedding of the type in case 1, we can 
always find a trail move t which will collapse an element of TZ under some height 
shift h. Because the number of discs is directly related to the crumple of the diagram 
of L, the removal of this disc means that the diagram of thL has a crumple lower 
than that of the diagram of L. □ 

We note that Lemma [33| gives us a direct method of determining whether or not 
a given link is trivial. The difficulty with this method is that the sequence of trail 
moves that will lower the crumple of a trivial link to may also result in a set of 
trails that, during the process, twist around the risers. This twisting complicates 
the diagram, which we may see by noting that it increases the sentence length. 
Because the process of finding the trail moves relies on the number of crossings, 
this twisting can increase the time necessary for finding the trail moves. This means 
that the method may be unsuitable when a reasonable bound is desired, in order 
to control for this, we have already introduced the riser move. This move allows 
us to untwist the diagram. By managing the twisting and the crumple together, 
we can assure ourselves of a tractable embedding as well as a tractable number of 
moves. 

Lemma 3.4. // S is the minimal-length sentence of a trivial tar link diagram, then 
S may be reached from the empty sentence by a sequence of the following: 

(1) the addition of a loop as a pair of new words each with length 3, 

(2) the addition of a riser by splitting an existing trail 

(3) a trail move that increases the crumple without decreasing the sentence 
length, or 

(4-) a trail move that increases the sentence length 

Proof. If we drop the requirement that type of move described by (3) not decrease 
the sentence length, then this follows immediately from Lemma |3.3| We may see 
this by trivializing S* by a sequence of trail moves, riser removals, and component 
removals and then reversing the sequence. 

To see that this lemma holds in full generality, we being by assuming that it 
almost holds but may require a trail move that both increases the crumple and 
decreases the sentence length. 

We proceed by induction on the minimal number of moves required to construct 
a sentence. For the empty sentence, we may construct it in moves, and it is 
vacuously true that all of the moves are of the desired type. Suppose that all 
sentences constructible in n moves may be constructed without a length-decreasing 
trail move. Let 5* be a sentence that requires n + I moves to construct. 

By assumption, the first n moves may be performed without any length-decreasing 
trail moves. We examine the final move. If this move must be a length-decreasing 
trail move, then it must be that it could not be made earlier because if it could 
then we could find a sentence, constructible in fewer moves, that requires a length- 
decreasing trail move. By the inductive assumption, this is not the case. Because 
it could not be made earlier, it must be that the move was not possible until after 
the remainder of the moves had been performed. From this, we know that the nth 
move must have added a riser mark. □ 

The introduction of the requirement that 5 be a minimal-length sentence of a 
given tar link diagram means that we must find some way to achieve a shorter 
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sentence for the same diagram in those instances in which we have a diagram of 
a trivial tar link that is not a minimal-length sentence of that diagram. A naive 
method would be to search among all possible sentences of the diagram, but the 
solution to this would not, in general, be polynomial. We instead relax the condition 
that the diagram by the same one and instead require only that it be an equivalent 
one. This gives us a tractable method for finding a shorter sentence, should one 
exist because unnecessary length of the sentence is created by unnecessary twisting 
in the equators. 

Lemma 3.5. // S is the sentence of a trivial tar link with crumple more than 0, 

then one of the following will exist for S: 

(1) a riser that may be removed 

(2) a component that may he removed as trivial and disjoint 

(3) a trail move that will result in a shorter sentence, 

(4) a trail move that will result in a lower crumple without lengthening the 
sentence, 

(5) an equator which will reduce the number of restrictive crossings without 
increasing any of the previous measures 

( 6) an equator which will reduce the number of crossings without increasing any 
of the previous measures 

(7) an equator which will cause one of the first 4 items to occur or to exist 
when applied to a subset of the spheres in which a link with the sentence S 
is embedded. 

Proof. Let S be the sentence of a tar link with the crumple of the diagram of S 

greater than 0. 

If one of the cases (1), (2), (3), (4), occurs then there is nothing more to do. We 
assume that none of these occurs in S. However, we know that if S is actually the 

sentence of a trivial tar link then the only reason that one of these would not occur 
is that S is not the best possible minimal length sentence to describe the diagram 
given by S. 

If the better diagram could be found solely by trail moves, then one of the 
other conditions would have occurred, so we know that we need at least one riser 
move. In order to find this, we choose each riser in turn and test its eff'ect on the 
remaining risers. There are a finite number of places to which a riser could move 
- one for each space between crossings of the mutual equators - and each of these 
placements, occurring by means of a straight movement across one of the sets of 
concentric hemispheres. We view each such movement as dragging behind it any 
trail that could be shorter if that riser did not exist in its old position and pushing 
ahead of it every trail that must be longer if the riser is to exist in its new position. 
If no such movement of a riser results in an improved sentence, then this is the best 
sentence for the diagram given by S. However, this would be a contradiction of the 
previous Lemma, and so at least one riser move allows for a better sentence. This 
shows that the absence of cases (1), (2), (3), and (4) forces the presence of one of 
the remaining cases. □ 

Theorem 1. Given an arbitrary link diagram D with n crossings, the algorithm 
ISTRIVIAL determines in time and space polynomial in n whether or not D is a 
diagram of a trivial link. 
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Proof. Let D be an arbitrary link diagram with n crossings. Let 5 be a tar link 
sentence of D. The length of S is linearly related to the number of crossings. 

From Lemma |3.5| if S is trivial, then either there is a shorter sentence of an 
equivalent link or there is sentence that is better on one of the remaining metrics. 
ISTRIVIAL checks each of these in turn, replacing S with the resulting sentence if 
it finds an improvement. 

If there is a riser that may be removed, REMRISER finds and removes it. Trivial 
components will be removed by either FLATTEN or SHORTEN. Trail moves that 
yield shorter sentences will be found by SHORTEN. Trail moves that lower the 
crumple or improve the crossings will be found by FLATTEN. Riser moves that 
improve the sentence will be found by MOVERISE. 

Because all possible moves are found before ISTRIVIAL returns, it will correctly 
determine whether or not a link is trivial. Because each step is finite in length 
and the tuple (sentence length, number of risers, crumple, restrictive crossings, 
crossings) is decreasing in a strictly monotonic sequence, there can be at most 
0(n®) moves - 0(n) of these come from the sentence length, 0{n) from the number 
of risers, and 0{n^) from the crumple and the crossing measures, each of which 
contributes 0{n'^). 

The time required for each of the sub-algorithms is as follows. 

REMDUPS requires 0{n) time to remove all double letters. 

REMRISER requires a linear amount of time to check each riser, and there are 
a linear number of risers, so it requires ©(n^) time. The time required for the 
REMDUPS use in REMRISER is dominated by the other portions. 

For each trail, FLATTEN requires a constant amount of time per crossing to 
check for a crumple-lowering isotopy. There are at worst ©(n^) crossings, and 
0{n) trails. It takes a linear amount of time to minimize obstructions, but this 
time is dominated by the time to check for isotopies, so FLATTEN requires time 
0{n^). 

For each trail, SHORTEN requires a linear amount of time to check for a length- 
reducing isotopy. 

For each riser in MOVERISE, there are 0{n) positions to which each riser may 
move, so there are 0{n^) checks required. Each of these checks needs the worst 
time of REMRISER, FLATTEN, and SHORTEN, so MOVERISE requires time 
O(n^). 

Because the longest portion of ISTRIVIAL needs time 0{n^) and there are 
C(n®) steps, ISTRIVIAL runs in time no worse than 0{n^3) before considering 
the specific data and computational model. The space required for ISTRIVIAL is 
quadratic, because although the space required for a sentence is only linear, the 
crossings between trails must be stored as well. Although the actual time required 
will depend on the specific method chosen to compute portions of the algorithm, 
none of these methods requires worse than polynomial time or space, and so the 
entire algorithm is polynomial. □ 

We remark that if desired, the space used for the ISTRIVIAL algorithm may be 
kept as linear, but that this comes at the expense of recalculating crossings and an 
increase in the time required for the algorithm. 

Experimentally, the length of the sentence, the crumple, and the crossings tend 
to fall together, and so the running time tends to be small enough to do by hand 
for diagrams with no more than one hundred crossings. 
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4. Algorithms 



Algorithm 4.1 ISTRIVIAL 

Require: A link diagram D 
V -(^ a. set of riser marks of D 
6" a sentence of D with the riser marks V 
repeat 

S^S' 

S' ^ S0FTIMP(5") 
S' ^ MOVERISE(S") 
until S = S' 

if S is the empty sentence then 

return D is trivial 
else 

return D is non-trivial 
end if 



Algorithm 4.2 SOFTIMP 

Require: A tar link sentence S 
S^S' 

S' ^ REMRISER(5") 
S' -e- FLATTEN(.S') 
S' ^ SHORTEN(S") 
return S' 



RECOGNIZING TRIVIAL LINKS 



15 



Algorithm 4.3 REMRISER 

Require: A tar link sentence S 
for all risers r in S do 

-(r- the word of the trail which terminates at riser r 
r~ ■<r- the word of the trail which begins at riser r 
if the trails of r+ and r~ arc incomparable then 

S ^ topological sort the words of S such that r+r" appears 

if the trails of r+ and r~ end and begin, respectively, in the same hemisphere 

then 

replace with the word formed by removing the sign 
else 

replace r~ with the word formed by removing the sign and first letter 
end if 

for all occurrences of the letter r in the trail words of S do 

replace r by the letter preceding it in the binding order 
end for 

remove r from the binding word of S 
end if 
end for 

return REMDUPS(S') 



Algorithm 4.4 FLATTEN 

Require: A tar link sentence S 
for all trails t in S* do 

choose a set of heights to minimize obstructions on the sphere of t 

if there is an isotopy cr of fin its sphere to reduce crumple or improve crossings 

without increasing crumple then 

S' the sentence of the chosen embedding modified by a 
if REMDUPS(S") is not longer than S then 

return REMDUPS(5') 
end if 
end if 
end for 
return S 



Algorithm 4.5 SHORTEN 

Require: A tar link sentence S 
for all trails t in S do 

choose a set of heights to minimize obstructions on the sphere of t 
if there is an isotopy cr of t such that t crosses the equator fewer times then 
S" ^ the sentence of the chosen embedding modified by a 
return REMDUPS(5') 
end if 
end for 
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Algorithm 4.6 REMDUPS 

Require: A tar link sentence S 
S' ^ S 
repeat 
S<-S' 

if there is a pair of repeated letters xx in S' then 
if XX are the first letters of the trail word then 

replace xx with x and switch sign of the word in S' 
else if XX are the last letters of the trail word then 

replace xx with x in S' 
else 

remove xx from S' 
end if 
end if 
until S' = S 
return S 



Algorithm 4.7 MOVERISE 

Require: A tar link sentence S 
for all risers r in 5 do 

for all positions pr between equator crossings do 
push r to Pr, through the + hemisphere 
S' the sentence of this new embedding 
5"' ^ S0FTIMP(5') 
if BETTER(S"',y) then 

return S" 
end if 

push r to Pr, through the — hemisphere 
S' the sentence of this new embedding 
S" ^ S0FTIMP(5') 
if BETTER(S"',y) then 

return S" 
end if 
end for 
end for 
return S 
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Algorithm 4.8 BETTER 

Require: Tar link sentences S and S' 
if S is shorter than S' then 

return TRUE 
else if S is longer than S' then 

return FALSE 
end if 

if S has fewer risers than S' then 

return TRUE 
end if 

if S has a lower crumple than S' then 

return TRUE 
else if S' has a lower crumple than S then 

return FALSE 
end if 

if 5* has fewer restrictive crossings than S' then 

return TRUE 
else if S' has fewer restrictive crossings than S then 

return FALSE 
end if 

if 5 has fewer crossings than S' then 

return TRUE 
end if 

return FALSE 
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5. An example 



We show here an example of the ISTRIVIAL algorithm, simplified for purposes 
of demonstration, working on the knot shown in Figure |2.2| 

We have already chosen a set of riser marks and a sentence: we let S be 
-dae-fdbfa+bac+cafd-ebf+aabb;aecbdf . We see from the corresponding Hasse 
diagram that no adjacent trails are incomparable, and so REMRISER simply runs 
REMDUPS. This changes the sentence to -dae-fdbf a+bac+cafd-ebf -ab;aecbdf . 

We now run FLATTEN. The left side of Figure |5.1| shows a projection of the 
spheres containing the trail ab and ef. We see that if we flip ab, it will no longer 
intersect anything on sphere ef and that this is an ordinary isotopy of ab within 
its sphere. We do so, and the result is shown in the center of Figure |5.1| The 
right-hand side of the same figure shows the resulting Hasse diagram. Our sentence 
S is now -dae-fdbf a+bac+cafd-ebf +ab ; aecbdf. There are no duplicates, and so 
REMDUPS has no effect. 

We now run SHORTEN. We see immediately that the word -dae may be short- 
ened to either -de or +de. We arbitrarily choose -de. We see after this that -f dbf a 
may be shortened to +f ba and that +caf d may be shortened to +cd and -ebf to 
-ef. Our resulting sentence is -de+f ba+ab+bac+cd-ef ; aecbdf . Figure [5T2| shows 
a picture of this diagram and its corresponding Hasse diagram. Next, we examine 
potential riser moves. We see that we may move b to be adjacent to a through 
the + hemisphere and shorten +bac to -be; as a result of the move, +f ba becomes 
+f ca. The resulting sentence is -de+f ca+ab-bc+cd-ef ;abecdf . A diagram of this 
sentence and the corresponding Hasse diagram are shown in figure |5.3[ 

Because we changed the sentence during the first iteration, we start again with 



REMRISER. We may see from Figure 5.3 that we may remove both a and b with- 
out changing the chosen heights. This gives the sentence -de+f cf f c+cd-ef ;ecdf . 
REMDUPS shortens this to -de+f c+cd-ef ;ecdf. This is a trivial diagram. No 
changes are made by the algorithm until a third iteration, when the remaining 
risers are removed, yielding the empty sentence and returning that the original 
diagram was of a trivial knot. 



de 

/ ^ 

be ab 
ed 
ef 



fa 



Figure 5.1. FLATTEN step in the algorithm 
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Figure 5.2. SHORTEN step in the algorithm 



de 




Figure 5.3. MOVERISE step in the algorithm 
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